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Nonlinear Gauge Theory of Poincaré Gravity

Shao Changgui'”? and H. Dehnen’

Received November 15, 1990

A Poincaré affine frame bundle P(M) and its associated bundle £ are established.
Using the connection theory of fiber bundles, nonlinear connections on the bundle
E are introduced as nonlinear gauge fields. An action and two sets of gauge field
equations are presented.

1. FIBER BUNDLE DESCRIPTION

In this paper the global Poincaré¢ invariance of space-time is extended
to a local Poincaré invariance; and the space-time obtained is denoted by
M. Tt is known that the proper Poincaré group ISO(3, 1) is the semidirect
product ISO(3, 1) =T& SO(3, 1) of the translation group T and the proper
Lorentz group SO(3, 1), and

1506, 1) _ M (Minkowski space)
SO@3, 1)

Moreover the Lie algebra iso(3,1) is the semidirect sum iso(3, 1}=
1@ so(3, 1) of the Lie algebras ¢ and so(3, 1). We know that VgeISO(3, 1),
g may be written in the form g=¢°" "/ where £P=&'P,, e*FeT, HI=H'I,,
e”'eS0(3, 1), the P; are generators of the group T, and the J;; are generators
of the group SO(3, 1). The Latin indices i, j, k take the values 0, 1, 2, 3, by
convention. It may be considered that the group T is identical to its Lie
algebra ¢, and is a Minkowski space:

T=t1=M
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We also have the mappings

exp

== (D
and
_ e
T=M (2)
In
Here £eM', ¢°eT, and T is the multiplicative group obtained from A»
through the exponential mapping. Since YgeISO(3, 1), g=¢°" ¢ is valid,

here (&, HY) are canonical coordinates of g, i.e., Vg= e i, eISO(3 1), we
have e” ™' — (&, HY)eiso(3, 1). Similarly, Ve’ eT, its canonical coordi-
nates in M’ are &.
Now we begin to construct an exponent bundle £= E(M, T, ISO(3, 1)).
Let g=¢*" "' be an arbitrary element of ISO(3, 1), and let r=e"P(«> e"eT)
be an arbltrary element of T. Then ISO(3, 1) acts on T from the left by
gr=eT M " =" M 3)

where

et Se"” =y(n.g) 4)
is a realization of ISO(3, 1) on 7, and

n'=n'(n,g)=£E+Ad™)n

is a mapping determined by the combination law of group ISO(3, 1). Here
Ad(e™) is an adjoint representation of SO(3, 1). As the structure group
150(3, 1) is localized, VX € M, the set of exponent group elements that take
values at point X, is denoted by 7. Then T, is a fiber over point X. It
Is easy to see that T, is 1somorphie to 7; we denote the isomorphism by
T.~T Taking the union E= Uxe w T of T, at all Xe M, then we obtain
the M-base, T-fiber, ISO(3, 1)-structure group exponent bundle £=
EM, T, ISO(3, 1)) If " is an element of T, then every element e*e T, will
give a mapping a: T — T, " > ¢°. If we denote 7 by ¢ in T, then the action
of the group ISO(3, 1) on E can be defined as gii=i(ge"")= &P o o,
where g=¢°" e ISO(3, 1), ge”-e"”e’"He el,andf=¢+7'. We have,
VX eM, a bundle projection 7 of E on M, which maps point ii=e‘e T, onto
point X, i.e., (&) =X. The cross section of bundle E will be a differential
distribution of the exponent group eclement, and may be obtained by the
exponent mapping from the translation group T{(X)=M(X). We have
E~e M®T, and dim E=dim M+dim T=4+4=38.

We can also construct an associated bundle £=E(M, M, ISO(3, 1))
corresponding to E, for which M is base, the tangent Minkowski space M’
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of M is fiber, ISO(3, 1) is structure group, and a principal bundle P(M)=
P(M, ISO(3, 1)) associated by E may be established also. Due to (1) and
(2), some one-to-one correspondences between fiber T and fiber M’ can be
established. The mapping

1, =008 =E+Ade™)n (5)

is a realization of group ISO(3,1) on M. If XeM, the ﬁber M over the
point X may be obtained from T, by the mapping T Lt M. Thus, the
mapping maps e"e T, onto ne M. The set thus obtained is a fiber M, over
X. Takmg the union £= Uxe »m M at all X of M, we may construct a vector
bundle E=E(M, M, ISO(3, 1)).

Of course, the bundle £ may be used to describe the gauge theory of
gravitation (Changgui and Banggqing, 1986), and thus to construct a non-
linear Poincaré gauge gravity (PG). Relation (5) is a transformation of the
vector under a transformation of the local affine frame {p, ¢;}. Since the
group ISO(3,1) is free, we can find a local affine frame transformation
associated with (5) in M":

g ’ !
{P, ei} = {p s ei}

Here e; > el(e;, g) is a Lorentz rotation, and p-5 p'= p'(p, g) is a translation.

Thus, under the free action of the group ISO(3, 1), VXe M, 3 a series of
local affine frame {A, X}, [denoted by P,(M)], and there is an isomorphism
P(M)~ISO(3,1). The union P(M)=|Jrers P(M) of P,(M) at all points
X of M will be the M-base, ISO(3, 1)-structure group, Poincaré affine frame
bundle P(M)=P(M, ISO(3, 1)) obtained. For an element neM, there is
an element in M which defines a mapping #i: M > M), n+{, ie., iin=
¢. At the same time, for a local affine frame {p, e,} in M’, each local affine
frame {4, X;} of M can also give a mapping @: M’ —» M and 4{p, ¢;} =
{14, X;}. On the fiber 7 ~'(X) of principal bundle P(M), let "= {4, X} be
a point of 77 '(X); then the right action of ISO(3,1) on P(M) may be
defined as ¥'g=7v", where geISO(3, 1), v"={A’, X}}. For the associated
bundle E, the left actlon of ISO(3, 1) on its fiber M’, using (3) and (4), may
be defined as

(g, MelSOG, DM —gn=neM
The right action of the group ISO(3, 1) on the product manifold PQ M’ is
given by
. 2 _
- (g 'n)
where geISO(3,1), (¥, 1), and (¥'g,g"'n)ePQM'. The quotient space



1492 Changgui and Dehnen

PRM /ISO(3, 1) of PQM under group ISO(3, 1) is the vector bundle E.
Now, V# € P(M) and neM’, we use ¥'1 to denote the image of natural
projection PQM' —E, (¥, n)— #'n; then there exists a mapping
P®M — M which induces a projection 7z from E onto M. Now, VXeM,
the set 77 '(X) is a fiber M, over X. Any point ¥ (7(¥ )=X) in P(M) may
be considered as an isomorphism from M’ into 7z '(X). And VneM, n
determines a mapping from P(M) into E; ¥XeM, the bundle projection
nzfrom E onto M maps the point = { onto X, i.e., 7z(i) =X. The differen-
tial distribution of the translation group 7(X) on M is a cross section on
the bundle £. And the local affine frame {4 (X), X{X)} on M is a cross
section on P(M). In the bundle P(M) it gives a submanifold which is
diffeomorphic to M. The projection 7 from P(M) onto M maps the point
{4, X;} of the fiber 7~ '(X) onto the point X. It is easy to see that
P(M)~MQ®ISO(3, 1) and dim P(M)=14. Apparently, the vector bundle
E=EWM, M, ISO(@3, 1)) is a bundle associated with the Poincaré affine
frame bundle P(M)=P(M, ISO(3, 1)).

It follows from the above that when we extend the global Poincaré
invariance of space-time to the local Poincaré invariance, the principal
bundle P(M) and its associated bundle £ can be established, and P(M), E
are different from the usual bundle P(M), E (Kobayashi and Nomizu, 1963).
The bundle P(M) and E may be used to describe a nonlinear action mechan-
ism of the gauge group ISO(3, 1).

2. NONLINEAR GAUGE FIELDS

The connection on the usual Poincaré bundle P(M) is given (Changgui
and Bangging, 1986) by

Wido=2Bil;+ V, T, (6)
where {J,,} ={T}, 1,} are translation and Lorentz rotation generators of the
group ISO(3, 1), and V), (Lorentz vierbein fields) and B, are the correspond-
ing gauge potentials of the above generators. Under the transformation of
the element gelSO(3, 1), the transformation formula of the above connec-
tion is
Wi, =g(Wal)g ' +gd.g "

Using the connection given by (6), a nonlinear connection A% and K, can

be defined on the exponent bundle F as (Coleman et al., 1963; Callan ez al.,
1969)

GiJu= 2 AL+ K, T,
=¢ (0, + 3Bl + Vi T)) e*" (7
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G can give a connection on the bundle E, and then may be used as the
gauge fields of the PG. Now let e =¢, ¢/ =4. Then the transformation of
A} and K}, under gt=t'H' [geISO(3, 1)] may be written as

AL =R GASLR T o T

Ki=h(K,T)h'™ ©
From (7) we have

=B ©)

K=V +0,8'+ 21458 Cls (10)

Here Cj,=nwud;— (i <> 7). From (7) and (8), the transformation formulas
of the nonlinear gauge fields 47, K/, are different from the usual Yang-Mills
gauge field (Changgui and Bangqing, 1986) BY, V',. Apparently, if £=0,
the values of the connections (9), (10) are the same as those of the connec-
tions on the principal bundle P(M). Since the action of the group ISO(3, 1)
on E is arbitrary, it is known that the nonlinear translation connection K ;,
also determines a nonlinear translation connection on the principal bundle
P(M). K, may be considered as nonlinear vierbein fields, and
K,eGI(4,R).

By using nonlinear connections A% and K, , one can define the covariant
derivative as '

D,=0d,— 3401,

and we may obtain the curvature tensor

P, =0,4%= 0,45+ i Climdl 47"

=0, A+ A d¥ — (i & j)

Here

Climn= NinbiSn+ Nimbi 8 — (i < j)
We can also define another covariant derivative

Dy=08,~GiJ,=0,— 14\, K. T,
It is easy to prove that

[Du DY =~F, J,=:F} 1y~ F},, T,
Here the curvature tensor is

F¢,=68,G%—0,G%+ CL.GLG
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where [J,, Jy]= C}.J.. And for the components FY,, F',, of F4,, we have
Fl,=F],=0,B)+ BB~ (u o v)
F;,V=D;1K‘V—D‘,K;J
=T+ 2Lu(BY0, — Bifd,)¢'
+ Nl 2B " Bl + By + Bi6, — (1t o v)]E
Here T, =DV, —D, Vi =V, +B,,— (i « v) is the torsion tensor of the
space-time manifold M under the frame of the usual Poincaré bundle P(M ).
We call F, the torsion tensor of M under the frame of the nonlinear
Poincaré bundle P(M ). Now we see that if the connections we defined on the
bundle P(M) or E are considered as the gauge potentials, we can establish a

nonlinear theory of PG, and the potentials and strengths in the theory are
different from those in the usual linear theory.

3. ACTION, GAUGE FIELD EQUATIONS

The curvature scalar of the bundle space E is invariant under the gauge
group ISO(3, 1), so it may be taken as an action. Let Z,={D,, T} be a
base in E. Then, using the metric of the space-time manifold
$.,=K' K’,n; and the metric n; of the fiber of E, we can define a metric of
E as

AB ™ <ZA s ZB>

Here <D,,, D,>=8,.,, G,, (T, T;>=n,, and G,=G,=0. The
connectzon FCA on E may be given as

DZA = fg‘AZB
and the curvature on £ is
RSsp= aAng - fSEfIEBD (4 B)— wafgo
Then the curvature scalar of £ may be obtained as
R=R+ Ry — 3F*— 3 F?

Here R is the curvature scalar of M, R, is the curvature scalar of M’ (its
value is zero), — F>= 4F u V,F #Y7 i the kinetic energy term corresponding
to the potential 4%, and ~ iFP=—3F v F?Y is the kinetic energy term corre-
sponding to potential K},. One may choose R as the Lagrangian of the
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nonlinear gauge theory of gravitation, so the action has the form
S'=J<C$,,,+R—§F2-—%F2)Kd4x (11)

where #,,= %,.(v, w,,) is a matter field, K=det(K.) = (—$)"?, C=8xnk (k
is Newton’s gravitational constant), and p, p’ are two gauge gravitational
constants to be determined.

Taking 47 and K as dynamic variables, through variation of (11), we
can obtain the following two sets of gauge field equations of gravity:

Ry = 3KuR=—~CT,+pty+ p'ru— (B = E¥u+ E")),
—2T, " (E,*—E",+E")) (12)

CSi+ MG=—Fj, (13)

Here
28}, == t(F F*" ) K'+ i1,(F, F*)K,
is the energy-momentum tensor of the gauge potential A% = BY,
2¢),=~FPF, Ki+iF}Fi, K.,

is the energy-momentum tensor of the gauge potential K, ,

w1 0(ZnK)
YK 04l

is the spin current of the matter field v,
M= eF4 - FRK5KY - FLKSKY (e=1-p)

and | denotes the twofold covariant derivative in the natural and moving
Lorentz frame; 7, is the mass tensor in the moving frame,
E#)=T"/+8"T,—-&,T* is the modified torsion tensor; and T,=T,".
When the space-time manifold M is a Riemann space (torsion-free),
then equations (12) and (13) become
R({ H—3K.R{ P=—CTu-1({ }) (14)
and

CSi=—pFi\v({ }) (15)
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If in the Riemann space M we ignore the contributions of gauge actions,
equation (15) vanishes and equation (14) degenerates into the Einstein
equation

R.({ ) —:K.R({ })=-CT, (16)

If M is a Riemann—Cartan space and we do not consider the contribu-
tions of gauge actions, equations (12) and (13) become

-~ 1

R —3KiR=-CT,—(E,”"—E",+E" )V *T,(E,*—E",+E})
CSE+KE=0
Here K = F L= F j}cK’,{K,-~ FlK ’,{Kj‘ (contortion).
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